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Abstract 

The increasing use of explosives for rock mass excavation in mining and geotechnical works, leads to the 

need of new ground vibration amplitudes prediction models, with higher accuracies. Despite the existence 

of several more complex approaches, with higher coefficients of determination, the use of classic models, 

like Ambraseys & Hendron (1968) or Johnson (1971), is still very common. However, despite the influence 

of the quantity of explosive per delay and the distance from the blast site to the monitoring point, there are 

several other essential variables that have influence in the prediction of ground vibration amplitudes 

produced by rock blasting. Using the reference mathematical models and multiple linear regression 

techniques with quantitative and qualitative predictors, this study pretends to determine, applying a 

methodology of proposal and validation of eight candidate models, the one that better explains the data, 

acquired on ground vibrations monitoring rock blasts in Águas Santas tunnel construction works, in Oporto. 

The modelling was made using suitable algorithms developed in MATLAB over a set of 1188 observations, 

obtained from monitoring of 206 rock blasts. 

Selected model shows a coefficient of determination of 0,941, that overcomes the double of the coefficient 

of determination obtained for Johnson (1971) model and a sum of squares of the error of 471,522, which 

corresponds to a mean squared error of 0,3996. 

1. Introduction 

The use of explosives in mining or underground construction work has recently increased. This excavation 

method has proved to have technical and economic advantages, considering other options, like mechanical 

excavation. However, this excavation methods offers some important disadvantages in terms of 

environmental impacts, like fly rocks, air blast overpressure, dust, and ground vibrations. The impacts of 

ground vibrations can sometimes be important, leading to buildings damages, discomfort to near 

populations, and others.  

Ground vibration amplitude is directly proportional to the energy released on the blast. Dowding (1992), has 

concluded that this parameter can be used as the main one to study the phenomenon. The concepts of 

attenuation, dynamic stress and impedance are mandatory to understand how seismic wave propagates 

through the rock mass. Attenuation consists on wave amplitude decreasing as a function of time or distance. 

Although an ideal rock mass would endlessly vibrate, the real rock mass has mechanisms of energy 

dissipation, that cause the amplitude to become, eventually, inexistent. Dynamic stress consists on the 

energy carried by the wave and it is described by the following equation: 



𝜎ⅆ = 𝜌𝑐𝑣   (Equation 1), 

where 𝜌 is the rock density (kg/m3), 𝑐 the wave propagation velocity (m/s) in the considered rock mass and 

𝑣 the vibration velocity of the rock mass particles (mm/s). The product 𝜌𝑐 consists in the impedance of the 

rock medium, which measures the resistance that the rock mass offers to the wave propagation. 

Several authors have then concluded that ground vibration amplitudes would depend on two main factors, 

the maximum charge per delay (kg/s) (regarding waves energy source) and distance from the blasting site 

to the monitoring point (m). The most popular ones were: 

• Ambraseys e Hendron (1968) 

𝑣 = 𝐾 (
𝐷

√𝑄3 )
−𝛽

    (Equation 2) 

• Nicholls, Johnson e Duvall (1971) 
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√𝑄
)
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     (Equation 3) 

• Langefors e Kihlstrom (1973) 
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)
𝛽

     (Equation 4) 

• Indian Standarts Inst. (1973) 

𝑣 = 𝐾 (
𝑄

2
3

𝐷
)

𝛽

    (Equation 5) 

Where 𝐾 and 𝛽 are constants depending on the geology and the blasting scheme, Q is the maximum charge 

per delay and D is the distance. As it can be seen, all the presented models are very similar, except the ratio 

between the maximum charge per delay and the distance, which is commonly called scaled distance.  

Johnson (1971) presented a new model, that is still commonly used, consisting in the following mathematic 

relationship: 

𝑣 = 𝑘 𝑄𝑏𝐷𝑛    (Equation 6) 

Here, k, b and n are empirical constants (calculated regression parameters). As it can be seen, this model 

doesn’t mathematically restrict the maximum charge per delay and the distance to a predetermined 

relationship like the models of Equations 2, 3, 4 and 5. 

Nowadays, new models have appeared, using, not only the qualitative variables, but qualitative ones as well. 

Paneiro et al. (2015), developed a study on the propagation of vibrations due to the subway light railway 

traffic in urban areas, where the monitoring of neighbor upwards buildings, and qualitative variables were 

considered. These qualitative variables consisted on the rail track type, dominant geology and monitored 

building type. To apply the qualitative explanatory variables in multiple linear regression, with least squares 

method, the correspondent coding of these variables and correspondent collinearity analysis, was needed. 

The aim of the present study is to compare existing models, and with those results try to understand and 

build a new one which includes new variables, that can explain better how the ground vibrations will 

propagate, in the considered data. 

2. Applied methodology for regression analysis  

This study is based on multiple linear regression analysis following a detailed statistical analysis for validation 

of different candidate models, using a suitable Matlab application. This models were tested in order to find 

which one would better adjust to the considered data. Variables besides the maximum charge per delay and 



distance were used, a qualitative one, Rock Mass Rating (R) and a qualitative one, a new classification of 

the motored structures (C). Considering all the variables, the mathematic relation between the predictors 

and the dependent variable is: 

𝑣 = 𝑓( 𝑄, 𝐷, 𝑅, 𝐶)    (Equation 7) 

The multiple linear regression model, will have the following general form: 

𝑣 =  𝛽0 + 𝛽1𝑋1 + 𝛽2𝑋2 + 𝛽3𝑋3 + 𝛽4𝐶2 + ⋯ + 𝛽3+𝑚𝐶𝑚 + 𝜀  (Equation 8) 

Where, 𝑦 = 𝑣 or 𝑦 = 𝑙𝑜𝑔(𝑣), 𝑋1 = 𝑄 or 𝑋1 = 𝑙𝑜𝑔 (𝑄), 𝑋2 = 𝐷 or 𝑋2 = 𝑙𝑜𝑔 (𝐷), 𝑋3 = 𝑅 or 𝑋3 =  𝑙𝑜𝑔(𝑅), βn=0, 

1, 2, …, n, are the number of regression parameters and 𝜀 the error term. Index m represents the number 

of dummy variables used in the codification of the qualitative variable. 

This codification consists on using a binary code, in the following form: 

Table 1- Coding of the indicative (qualitative) variables 

Category 
Indicative variables 

K1 K2 … Kn 

C1 (reference category) 0 0 … 0 
C2 1 0 … 0 
C3 0 1 … 0 
… … … … … 
Cn 0 0 … 1 

 

To determine the multiple linear regression, 8 models were tested, being that they differ from each other 

having or not the ordinates axis in the origin, having or not logarithmic transformation of the response variable 

and the dependent variable. To validate the model, a statistics evaluation had to be done. To do so, the 

coefficient of determination and the ANOVA table were used.. The final result consisted in a R2 of 95%. 

The ANOVA table consists in an analysis of the variance of the model parameters, as it is described in table 

2.  

Table 2 – Typical ANOVA table 

Source df (degrees of freedom) SS (squared sum) 
MS (mean squared 

sum) 
P (F>F0) 

F* (F 
critical) 

Regression 
Number of parameters, 

p 

SSR – Regression 
quadratic sum 

𝑆𝑆𝑅 = ∑(𝑌�̂� − �̅�)2 

MSR – Regression 
quadratic mean 

𝑀𝑆𝑅 =
𝑆𝑆𝑅

𝑝
 

Depending 
on the F 
statistics 

distribution  

𝐹∗ =
𝑀𝑆𝑅

𝑀𝑆𝐸
 

Residuals 
𝑛º 𝑒𝑛𝑡𝑟𝑖𝑒𝑠(𝑛)
− 𝑛º 𝑜𝑓 𝑝𝑎𝑟𝑒𝑚𝑒𝑡𝑟𝑒𝑠(𝑝) 

SSE – Residuals 
quadratic sum 

𝑆𝑆𝐸 = ∑(𝑌𝑖 − 𝑌�̅�)2 

MSE – Residuals 
mean sum 

𝑀𝑆𝐸 =
𝑆𝑆𝐸

𝑛 − 𝑝
 

  

Total 𝑛º 𝑜𝑓 𝑒𝑛𝑡𝑟𝑖𝑒𝑠(𝑛) 

SSTO – total 
quadratic sum 
𝑆𝑆𝑇𝑂
= 𝑆𝑆𝑅 + 𝑆𝑆𝐸 

   

Per Kutner et al. (2005) the SSR, SSE, SSTO, MSR e MSE parameters, the lowest the values are, the better 

the model describes the considered data. The F statistics does a hypothesis test: 

• H0: β1 = 0, considers true the null hypothesis; 

• Hα: β1 ≠ 0, considers as true an alternative hypothesis, rejecting the null hypothesis. 



To verify this, the F* is calculated as it is described in table 2, and the value is compared to the one obtained 

in the distribution table, the last one depending on the number of parameters on the model, the number of 

entries and the statistics significance (), considered 0,05. It is possible to conclude:  

• If F ∗ ≤  F( 1 −  α, p, n − 2), H0 is concluded; 

• If F ∗ >  F( 1 −  α, p, n − 2), Hα is concluded. 

If Hα is concluded, it means that there is a linear relationship between the considered variables in the model. 

Otherwise, (H0), the explanatory variables do not relate to the dependent variable (Kutner et al., 2005). 

The R2 is also used to determine the quality of the model, and it follows the ratio: 

𝑅2 =
𝑆𝑆𝑅

𝑆𝑆𝑇𝑂
= 1 −

𝑆𝑆𝐸

𝑆𝑆𝑇𝑂
   (Equation 9) 

The residuals, considering the adjusting method used (minimum squares method), to determine the 

parameters of the linear model, should present a zero mean, and constant variance, meaning that the error 

vector should be homoscedastic (Kutner et al., 2005).  

3. Case study  

3.1. Validation of reference models for ground vibration amplitudes prediction 

The study presented was based in a tunnel construction work, where the excavation had to be done with 

explosives due to the characteristics of the rock. It was located in Águas Santas, Oporto where the main 

rock was granite, with about 300 million years, had several metamorphic aureoles with a considerable size, 

and presented the same quantity of biotite and muscovite.  

The data was obtained from 206 blasts, which gave a total of 1188 observations. To study the propagation 

of the vibrations, there were 19 monitored points during the whole construction work. To be able to create a 

new model in order to define how vibrations propagate in this area, following the obtained data, the 

bibliography models Ambraseys & Hendron (1968, equation 2), Nichols, Johnson e Duvall (1971, equation 

3), Langefors e Kilhstrom (1973, equation 4) e Indian Standarts Institute (1973, equation 5) were validated 

as was the model proposed by Johnson (1971, equation 5). The results are presented in the following table: 

Table 3 – Results obtained regarding the considered data following the models described above. 

Model 
Determination 
coefficient (R2) 

SSE MSE 
Obtained model to the 

considered data  

Ambraseys e 
Hendron (1968) 

0,45 596,35 0,50 𝑣 = 440,49 (
𝐷

√𝑄3
)

−1,07

 

Nicholls, 
Johnson e Duvall 

(1971) 
0,43 617,85 0,52 𝑣 = 310,15 (

𝐷

√𝑄
)

−1,02

 

Langefors e 
Kihlstrom (1973) 

0,40 652,44 0,55 𝑣 = 199,99 (√(
𝑄

𝐷
3
2

))

1,27

 

Indian 
Standards Inst. 

(1973) 
0,40 652,44 0,55 𝑣 = 200 (

𝑄
2
3

𝐷
)

0,95

 

Johnson (1971) 0,45 591,35 0,50 𝑣 = 523,59 𝑄0.23𝐷−1.08 



As it can be seen, the described models present low determination coefficients. The best model belongs to 

Johnson (1971), with a R2 of 45,39%. Also, analyzing the error coefficients, the same model presents, as 

expected, the lowest SSE and MSE. The next figures show the scatter plot and the histogram of the 

studentized residuals for the Johnson (1971) model: 

 

 

 

It is clear, looking at the scatter plot, that the model has a deviation from the predicted and the observed 

vibrations amplitude. The lowest and highest amplitudes are not well described by the obtained model. 

Looking at the residuals histogram, it is also possible to see that there’s an approximation to a normal 

distribution and that the error percentage outside of [-2; 2] limits is less than 5% (Kutner et al., 2005). 
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Figure 1 – Scatter plot of the Johnsons model. 

Figure 2 – Residuals histogram of the Johnsons model. 
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3.2. Determining the new ground vibration prediction model 

The determination of the new model, considers, besides Q and D explanatory variables, the inclusion of two 

other variables, a quantitative variable and a qualitative variable, was included, to characterize the initial and 

final wave propagation media.  

The quantitative variable corresponds to the rock mass rating (RMR) of the blasted front. The RMR consists 

in a quantitative classification of the quality of the rock mass. Due to lack of data, it was necessary to use a 

linear interpolation procedure to have the full spectrum of the RMR, considering the following equation: 

𝑅𝑀𝑅𝑋 = 𝑅𝑀𝑅0 + (𝑅𝑀𝑅1 − 𝑅𝑀𝑅0) ∗
𝑃𝑘𝑋−𝑃𝑘1

𝑃𝑘1−𝑃𝑘0
   (Equation 10) 

Here RMRx is the missing RMR value on a data entry, the RMR0 is the RMR of the previous entry, RMR1 is 

the RMR value for the next existing entry, Pkx the linear coordinate of the missing data entry j, Pk0 the linear 

coordinate entry and Pk1 the linear coordinate of the next existing entry. 

The considered qualitative explanatory variable corresponds to an empiric classification of the monitored 

buildings, regarding its slenderness and its apparent conservation. The initial classification of the buildings 

was done according to the Portuguese normative ruling, NP 2074 (2015), that includes only three categories: 

reinforced, current and sensitive structures. The new classification considered 6 different categories: 

reinforced (64% of the total data), current structure with apparently bad conservation with one floor (5% of 

the total data), current structure with apparently medium conservation with one floor (14% of the total data), 

current structure with apparently good conservation with one floor (11% of the total data), current structure 

with apparently medium conservation with two floors (6% of the total data) and wall (with only 2 

observations). 

Table 4 shows the ANOVA table of the 3 best models (R2 > 0,57). As it can be seen above, all of the 

considered models present a better R2 than the reference models. Regarding the F statistics, all of the three 

models reject the null hypothesis. It can also be seen that model 7 presents less MSE, though its 

determination coefficient is not the highest. This happens because the corresponding SSTO presents a 

lower value than the others, making its coefficient lower. The next images present the residuals histograms, 

for model 4 and 8.  

Table 4 – ANOVA table for the 3 best models. 

Modelo 4: 
𝑙𝑜𝑔(𝑣) = 𝛽1𝑄 + 𝛽2𝐷 + 𝛽3𝑅 + 𝛽4𝐶2 + 𝛽5𝐶3 + 𝛽6𝐶4+ 𝛽7𝐶5+𝛽8𝐶6 

 

R2= 0,8765 

Source df SSE MSE P (F>F0) F 

Regression 8 4802,72 600,34 0,00 1046,49 

Residuals 1180 676,93 0,57   

Total 1188 5479,65 4,04   

Modelo 7: 
𝑙𝑜𝑔( 𝑣) = 𝛽0 + 𝛽1𝑙𝑜𝑔 (𝑄) + 𝛽2𝑙𝑜𝑔 (𝐷) + 𝛽3 𝑙𝑜𝑔 (𝑅) + 𝛽4𝐶2 + 𝛽5𝐶3 + 𝛽6𝐶4  + 𝛽7𝐶5+𝛽8𝐶6 

R2= 0,5777 

Source df SSE MSE P (F>F0) F 

Regression 8 625,48 78,19 0,00 201,59 

Residuals 1179 457,28 0,39   

Total 1188 1082,76 0,527   

Modelo 8: 
𝑙𝑜𝑔 (𝑣) = 𝛽1𝑙𝑜𝑔 (𝑄) + 𝛽2𝑙𝑜𝑔 (𝐷) + 𝛽3 𝑙𝑜𝑔 (𝑅) + 𝛽4𝐶2 + 𝛽5𝐶3 + 𝛽6𝐶4+𝛽7𝐶5+𝛽8𝐶6 

R2= 0,9140 

Source df SSE MSE P (F>F0) F 

Regression 8 5008,13 626,02 0,00 1566,63 

Residuals 1180 471,52 0,40   

Total 1188 5479,65 4,22   



 

 

The effect of the logarithmic transformation in the quantitative variables can be observed in the histograms. 

Model 8, which has all the quantitative variables transformed logarithmically, has a better symmetry in the 

studentized residuals distribution.  

Both histograms have less than 5% of the studentized errors outside of the [-2; 2] limits and, in this particular 

analysis, there cannot be seen a big difference between the two models. 

In the next figures, it is possible to observe the residuals in function of the maximum charge per delay and 

the distance.  

Figure 3 – Studentized residuals regarding model 4. 

Figure 4 – Studentized residuals regarding model 8. 
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Studentized Residuals 



 

 
Figure 5 – Residuals in function of the maximum charge per delay (kg, top figure), and distance (m, down 

figure) 

In figure 6, the scatter plots of model 4 and 8 are shown: 

  

Figure 6 – Scatter plots for model 4 (left), and model 8 (right) 

Looking at the scatter plots of figure 6, it is clear that model 8 has a better fitting than model 4. It’s possible 

to see that mostly in the higher amplitude values model 8 has a better correlation, comparing to model 4, 

and it follows the linear regression line. Table 5 shows the results of the statistical significance analysis of 

the estimated parameters for model 8. 
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The final model obtained has the following form: 

log(𝑣) = 0,15 log(𝑄) − 1,25 log(𝐷) + 1,69 log (𝑅) + 0,84 𝐶2 + 0,39 𝐶3  (Equation 11) 

Where C2 and C3 are the categories referring to current structures with apparently medium conservation and 

one floor and current structures with apparently good conservation and one floor respectively.  

Table 5 – Statistical significance analysis of the estimated parameters for regression model 8. 

 Coefficient 
Standard 
deviation 

t statistics p-value C. I. Lower C. I. Upper 

Q 0,15 0,04 3,78 0,00 0,07 0,23 

D -1,25 0,04 36,26 0,00 -1,32 -1,19 

R 1,69 0,05 37,60 0,00 1,60 1,77 

C2 0,84 0,10 8,55 0,00 0,65 1,03 

C3 0,39 0,10 3,87 0,00 0,19 0,58 

C4 -0,18 0,11 1,65 0,10 -0,40 0,04 

C5 -0,72 0,46 1,58 0,12 -1,61 0,18 

C6 -0,11 0,09 2,30 0,19 -0,29 0,06 

As it could be seen, C4, C5 and C6 don’t appear in the final equation, because they didn´t show statistical 

significance, meaning that these variables don’t change the final result and don’t establish any apparent 

relationship with the vibration amplitude obtained in those structures, considering the obtained database. 

These categories, as it was explained before, represent less than 11,44% of the data. Therefore, to reduce 

the non-significant variables to the reference category doesn’t necessarily mean that they present the same 

behavior of a reinforced structure but, probably, there is not enough data to have its own category.  

Looking at the final model, we can verify that the ground vibrations amplitude will be bigger in the current 

structures with apparently medium and good conservation state and one floor, comparing to the reference 

category (reinforced). It is also demonstrated that, C2 structures (current structures with apparently medium 

conservation and one floor) will contribute more to the final amplitude to be risen than the C3 structures. The 

selected model will not reflect the effect of the buildings slenderness in the prediction of the amplitude 

vibrations, but only its conservation state.  

Considering the reference category for the qualitative variable, the model becomes reduced to the following 

formula: 

 log(𝑣) = 0,15 log(𝑄) − 1,25 log(𝐷) + 1,69 log (𝑅)  (Equation 12) 

or: 

𝑣 = 𝑄0,15𝐷−1,25𝑅1,69     (Equation 13) 

Regarding the quantitative variables, it is easy to observe that it’s results are coherent with what was 

expected. All the variables are statistically significant, being that the distance has a negative coefficient, as 

it was expected, due to the attenuation phenomena. RMR, which is not usually used in predictor models, it 

turns out to be, to this data set, an essential variable, as its associated t statistics presents a value in the 

same size category with the one associated with the variable distance, being these the highest. It can also 

be seen that RMR presents a coefficient of 1,69 and the maximum charge per delay, 0,15. This means that, 

to this set of data, RMR will have a lot more influence on the final vibration amplitude that the charge, 

although the variable charge has very little variability. 



4. Conclusions 

The main goal of this study was to try to figure a new model that would predict the ground vibrations with 

more precision than the ones usually used. To do so, several models were validated, in which the best 

models belonged Ambraseys and Hendron (1968) and Johnson (1971). Despite representing the best fitted 

models, their R2 did not went over 45,39 %, that does not guarantee enough security in predicting the ground 

vibrations amplitude. It was concluded that, to include new variables, characterizing the initial and final 

pwave propagation media results, in the considered data set considered leads to better prediction results. 

The RMR and the new characterization for the monitored structures have risen the coefficient of 

determination to 91,40%. The limitations of the reference models have demonstrated that, to have a 

prediction with better precision, the maximum charge per delay and the distance are not enough to predict 

ground vibration propagation.  
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